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Countable Borel equivalence relations

Let X be a Polish space (2 w", " .. ) . A Borel equivalence relation
is an equivalence relation & s

.
t . Ee B(Y +X)

.

E is countable (CBER) if all its equivalence classes are countable .

Examples : -

#
: X =3 if x is computable from y and y is comp , from X

Go : xto] Jnkm >n)x(m) = y(m) , x ,ze2
↑

Es : shift action of the free group on 2-generators F2 .

For x
,ye2 XozJgh x(gh) = y(h) ,

idi : Xidp3Xsy .

For E
,
F equivalence relations on X , resp . Y ,

E is Borel reducible to F , EEBF
if there is a Borel 8 : XeY St xty f(x) Ffly) ·

EspF intuitively tells you that from a definition of Fone can get a definition
of E.
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Structure ofSp on CBERs
universal of

· TheDowel reducibility structure of CBERs
is complicated-

· showing non-reducibility is difficult :

Q
.

IsT universal ? For
neg . answer show Eo

· Almost all non-trivial non-reducibility results use measure
theory

Q2 · Is an increasing union of hyperfinite CBERs hypenfinide ?
· true modulo a will set for any Bonel probability measure - ↑50] hyperLiione

smooth



Hausdorff and gange measure

A gange function g
: (0 ,%) + (0 ,

%) is an increasing fat

that is right continuous , gla-o and gHcO if J40·

For SCO
,
let

and define the gmeasure HP as H9(A)- lim H(A).

The S-dimensional Hausdorff measure H = 19 where g(x) = x) .

The Hausdorff dimension of AsX is

dim
,

(A) -sup[SE(0 , %) : HA-03 - inf(((0 , 0) : His-oy ·

Is
Examples and Facts :

For MY , Hm is usual Lebesque measure up to a constant.

Lines in RW have dimension In S

The Cantor middle thirds set has dimension logt/log -



If we let sel
,
then the s-dimensional Hausdorff measures "approach"

Lesbegue measure.

If we take guid ,
then maybe I can detect more non-reducibility than Lebergue

measure-
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This condition is necessary:·

= to on any X-positive set . (Slaman-Steel'88)

↓
Marks

,
R
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Saman ↳
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